ABSTRACT.In this work, we firstly describe conditions for being elastica in Minkowski 
Introduction
Materials having the feature of a deformable structure such as cloth, flexible metals, rubber, paper are the main subject and research field for the elasticity theory. However, elastica can be considered from a variety of the different perspective that enlights a broad range of physical and mathematical studies. Studies concerned about the elastica firstly focus on the research of mechanical equilibrium, the study of variational problems, and the solution of the elliptic integral.
One of the earliest approach on elastica yields prolific consequences on the equilibrium of moments which constitute elementary principle of statics. Further, it is seen that elastica gives a natural solution for the variational problem which deals with the minimizing of bending energy of the elastic curve. Later, the equivalence between the motion of the simple pendulum and elastica's fundamental differential equation was investigated. Recently, numerical computation implemented on the elastica used to develop mathematical spline theory (Love, 2013) . Potential elastic energy takes place when materials are stretched, compressed or deformed in any way. That is, these deformed bodies store potential energy when there exists a force on them. This potential energy is exerted to bring the deformed body back to its neutral position prior to deformation (Terzopoulost, Platt, Barr, & Fleischert, 1987) . We carry studies on the potential energy of elastic curves into a Minkowski space 4 1 E .
Minkowski spacetime or Minkowski space can be thought a combination of time dimension and Euclidean space into a four-dimensional manifold. This added time dimension makes a significant difference between Minkowski and Euclidean space, namely, we do not have coordinate dependence in Minkowski space as opposed to Euclidean space. This new space structure helps to understand better ofsome mathematical and also physical phenomena.
In this space, mass-energy equivalence states relationship between mass and energy. Special relativity attempts to estimate this equivalence by the formula E = mc 2 , where c is the light's speed in a vacuum (Einstein, 1905) . Thus we may have abetter understanding of mass-energy and motion-energy concepts if we compute the energy of particles in that space. For this purpose, (Körpinar & Demirkol, 2017 ) characterized the energy of a particle in Minkowski space E working on usual Bishop frame since zero curvature prevents to define normal and binormal vectors. (Altin, 2011) computed energy of Frenet vector fields for given non-lightlike curves. (Körpinar, 2014) discussed timelike biharmonic particle's energy in Heisenberg spacetime.
The manuscript of the paper as the following:
In this study, we approach the concept of the potential energy of the elastic materials from a different point of view. We firstly determine differential equations satisfied by non-rigid deformable curves in order to model the behaviorof elastic curves in 4-dimensional Minkowski space 1 . Finally, we define non-elastic curves to characterize their structure which makes them different from elastic curves. Then, we discover a connection between the energies of elastic and non-elastic curves from point of geometrical view in E 4 1 .
Material and methods

Minkowski space
4 1 E corresponds to four dimensional Euclidean space with the induced Lorentzian metric defined as Equation 1:
where:
For an arbitrary curve α:
1 is called a lightlike, timelike or spacelike curve if velocity vector of the curve satisfies 
is defined as curvature and k 1 , k 2 and k 3 denote principal curvatures of the curve α according to parallel frame (Erdoğdu, 2015) .
Results and discussion
Energy on the Bishop vector field
We first give the fundamental definitions and propositions which are used to compute the energy of the vector field.
Definition3 
where {e a } is a local basis of the tangent space andv is the canonical volume form in M (Wood, 1997) . 
where ∇ is the Levi-Civita covariant derivative (Wood, 1997) . Definition 3.3: For
This yields a Riemannian metric on TM. As known S ρ is called the Sasaki metric that also makes the projection :
a Riemannian submersion (Wood, 1997) .
Energy on the elastic curves
The research on the curvature-based energy for space curves began with Bernoulli and Euler's studies on elastic thin beams and rods. 
with some boundary conditions (Guven, Valencia, &Vazquez-Montejo, 2014 
It is also defined the smooth curves of unit speed as a subspace of ϕ as the following way in the Let α be an extremum of G π and V be a vector field along α, which is a curve's infinitesimal variation, then we get Equation 14 (Singer, 2007) .
We obtain significant differences both on the conditions that have to be satisfied by elastica and on the energy of elastic curves by using Lorentzian metric for different type of curves in 4
1 . E Case 1: Let ∈ α 4 1 E be a unit speed timelike curve defined on any fixed interval [y 1 , y 2 ]so that:
By using the pseudo orthonormal frame given by (Equation 2) we already computed the energy of tangent vector T and parallel frame vectors E 1 , E 2 , E 3 for timelike curve ∈ α 4 1 E , (Körpinar & Demirkol, 2017) . This study is helpful to see a relation between the energy of Bishop vectors and bending energy functional which is defined in theEquation 16: 
Applying integration by parts, we obtain Equation 19:
where ( )
Being elastica implies that we have Equation 20:
for some function ( ) 
Thus we get Equation 24:
By the fact that J is a constant vector field we find J s = 0. From this, we have following Equation 25, 26, 27 and 28:
and if we solve them we will get ( ) Ω Finally we get a vector field J along the curve and some other restrictions as stated in the following Equation 29, 30, 31 and 32, respectively.
If we assume that we have Equation 33:
then we can solve the differential equation system and get the following plot for the sample solution family (Figure 1 ). 
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Since J is a section, we get Equation 37:
We also know that from Equation 38:
Thus, we find from the former statement to the Equation 39: 
By using the pseudo orthonormal frame given by (Equation 3) we already computed the energy of spacelike vectors T, E 2 , E 3 and timelike vector E 1 , (Körpinar & Demirkol, 2017) . This study is helpful to see a relation between the energy of Bishop vectors and bending energy functional which is defined in theEquation 43: 
Thus we get Equation 51:
By the fact that J is a constant vector field we find J s = 0. From this, we have following Equation 52, 53, 54 and 55:
and if we solve it we will get ( ) 
If we assume that we have Equation 60: 
If we assume that we have Equation 67:
then we can solve the differential equation system and get the following plot for the sample solution family (Figure 3) . 
If we assume that we have Equation 74:
then we can solve the differential equation system and get the following plot for the sample solution family (Figure 4 ). 
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for non-elastic curve α, which is parametrized by the arc-lengths. 
then we have a following graph for the energy of non-elastic timelike particle ( Figure 5 ). 
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